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Axisymmetric Ablation with Shape
Changes and Internal Heat Conduction
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Nomenclature
cp = specific heat at constant pressure
E = defined in Eq. (19)
F = energy required to ablate unit mass of body
H = total enthalpy
k = thermal conductivity
L = body length (Fig. 1)
p = pressure
qi = heat flux across inside surface
q0 = heat flux across outside surface
r = radial position (Fig. 1)
R = radial coordinate of the cut-off point (Fig. 1)

Presented as Paper 70-199 at the AIAA Aerospace Sciences
Meeting, New York, January 19-21, 1970; submitted December
19, 1969; revision received June 25, 1970. This work has been
supported by Reentry Physics Division, Army Ballistic Missile
Defense Agency, Huntsville, Ala. under Contract DAAH01-68-
C-2101. The authors wish to thank John Cronin of AERL who
efficiently performed the computer programming and carried out
the numerical calculations.

* Senior Engineer. Member AIAA.
t Consultant; also Professor of Mechanical Engineering,

Massachusetts Institute of Technology, Cambridge, Mass.
Associate Fellow AIAA.

t Principal Research Scientist. Fellow AIAA.

Rn = nose radius = ( — rst'")~1/2

s = recession depth in axial direction
t = time
T = temperature at a position (r, 0, t)
Ti = initial temperature of body
u = velocity
x = distance along the curved surface
z = axial position (Fig. 1)
Zi = axial position of original surface at fixed radial position

(Fig. 1)^
a. = thermal diffusivity
£ = angle between local surface tangent in meridian plane

and axis of symmetry
7 = ratio of specific heats
d = cone half-angle
M = viscosity
£ = defined in Eq. (10)
p = material density of the ablating body
Pst = shocked air density at stagnation point
4> = transformed geometric variable (Eq. (1))
co = temperature exponent for viscosity variation

Subscripts
e = boundary-layer edge condition
n = components normal to local surface
st = stagnation point
00 = ambient conditions

w = surface
' = d/dx

I. Introduction

THIS paper presents the effects of internal heat conduction
and shape change on the calculation of the ablation of a

metal nose tip. This combined problem has not been con-
sidered previously. For example, Benjamin1 introduces the
effects of the shape change on the stagnation-point heat flux
for sphere-cones in the form of correction factors to the results
one would obtain without the effects of geometry change on
the heat flux. Transverse heating effects in Ref. 1 are not
considered; instead, an effective heat of ablation is intro-
duced. Diffusion of heat in the direction tangential to the
surface is also neglected in Ref. 2 compared with that in the
direction normal to the surface.

In this paper, a theoretical approach is presented which
couples the instantaneous body geometry with the external
heating environment and considers the internal flow of heat
by thermal heat conduction for blunt-nosed, axially symmetric
bodies at hypersonic speeds. Local heat-transfer rates are
calculated to correspond to instantaneous boundary-layer
growth which varies with flight trajectory and changing body
shape. A Landau transformation modified for axisymmetric
bodies is used to allow for a receding surface in a three-di-
mensional coordinate system, such that one of its coordinates
remains fixed at the moving surface (Fig. 1).

The general method is applicable whether the ablation is
due to melting, sublimation or surface reaction. Results for a
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Fig. 1 Schematic diagram of the transformed coordinate
system.
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beryllium configuration of a typical re-entry vehicle under
typical re-entry conditions are presented. The calculation
was carried out in the laminar portion of the re-entry; how-
ever, it can be extended easily to the turbulent regime by in-
troducing an appropriate criterion for transition and by
applying turbulent boundary-layer theory to obtain the
aerodynamic heat-transfer rate.

The coupled equations are solved numerically by an explicit
technique with the aid of an IBM 360/44 computer. For
simplicity, constant material properties were used throughout
the calculation.

II. Method of Analysis

a) Modified Landau transformation
For thermal-conduction problems involving possible surface

recession, it is convenient to use a coordinate system so that
one of its coordinates remains fixed at the moving surface.
Such a transformation has been used by Landau3 for a one-
dimensional application. This is modified in this study for
axisymmetric bodies.

Fig. 1 shows a schematic diagram of the grids in the trans-
formed coordinate system for an axisymmetric body. The
spatial coordinates (r,z) are transformed into (r,<£) by the
use of the following expression

- s(r,t)} (I)

where Zi is the axial position of the original surface at a given
radius, s is the change in the axial position from its initial
position due to recession, and L is any convenient length
chosen to satisfy speicfic boundary conditions. Thus; </> = 1
always corresponds to the back surface.

Using the chain rule of differentiation, one can derive the
following :
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6) Transformed thermal-conduction equation

In cylindrical coordinates, the unsteady thermal-conduction
equation for an axisymmetric body with constant thermal con-
ductivity is as follows:

bT/bt = a[b2!T/dr2 + (1/r) dT/dr + b2!T/ete2] (3)

where T is the temperature at a position (r,z) and time t,
and a. is the thermal diffusivity.

By use of Eqs. (2), one obtains the following transformed
partial-differential equation in (r,<£,0 coordinates:
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c) Initial and boundary conditions
i) Initial conditions

= Ti (5)

where Ti is the initial temperature of the body, assumed uni-
form throughout.

ii) Boundary conditions; the heat balance for an infinitesi-
mal control volume across the instantaneous ablating surface
requires that

<?t,n = <?o,n — sin/3 (6)

where qi,n and g0,n are the components of #and qo, respectively,
normal to the local surface, p is the material density of the
ablating body, F is the energy required to ablate unit mass o£
the body, and /3 is the angle made by the local tangent in a
meridian plane from the z axis, such that cot/3 = (dzi/dr -f-
bs/dr). p(ds/bt) sin/? represents the mass fluxes across the
surface.

In (r,<£,£) coordinates, by the use of Eqs. (2) and (6), one
gets

-1/(L - Zi - s)(/bdT/d0)s + (fcd!T/dr). sin/3 cos/3 = (7)

qi,n sin/3 = [qQ>n — Fp(ds/dt) sin/3] sin/3

Thus, the temperature gradient, (d77/d0)s, at the surface in
the transformed coordinates is related to the normal com-
ponent of the external heat flux g0,n, the instantaneous reces-
sion rate, (ds/cM) sin/3, and (when /3 is not 90°) the tangential
temperature gradient at the surface, (djT/dr)s, resulting from
cumulative transverse thermal conduction from the initial
instant. For materials like beryllium which have a well-
defined melting point, the surface temperature remains con-
stant when melting occurs. Under such conditions, the reces-
sion rate is calculated by evaluating Eq. (4) at the surface and
setting dT/dtj equal to zero ; in other words, the liquid layer
is assumed to be negligibly thin.

For convenience, it is assumed that the back face is insu-
lated so that,

(c)7Vd</>)(r,Z,0 = 0

In addition, the axial symmetry requires :

= 0 (8)

d) Local heat-transfer rates and freestream conditions
Since the time-dependent ablation rate is different along the

ablating surface, the body shape changes accordingly. This
leads to changes in flow around the body and consequently in
local heat-transfer rates. These effects have been taken into
account by properly evaluating the instantaneous boundary-
layer growth by the use of the Howarth-Dorodnitsyn trans-
formation,4 in other words, so that q0t is zero in this study
%„ is calculated from the following expression fox a laminar-
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boundary layer:

go.n = Q.45(kp/cp)v[uj/(2&i*](H. - Hw) (9)

where

£ = f* Pe»euer*dx (10)

He = cPTm + Ua*/2
and (11)

Hw = cPTw

As the surface changes in shape, the inviscid flow changes
also. For simplicity, the freestream conditions outside the
boundary layer are determined by assuming a Newtonian
pressure distribution. This assumption reveals most of the
basic phenomena. More accurate models for the surface pres-
sure were not investigated in the present study. For the
assumed pressure distribution,

(Pe ~ ~ Poo) = COS2[(7T/2) - (12)

The inviscid flow along the surface is assumed to have a con-
stant ratio of specific heats, thus

Pe/Pst = (13)

The velocity in the inviscid flowfield is obtained by isentropic
expansion of the gas from the stagnation point, yielding

= He[l - (14)

It is interesting to note that the heat-transfer rates com-
puted from Eq. (9) are closely coupled to body shapes and
weakly coupled to surface temperatures which are changing
during transient heating. For problems where radiative heat
loss is important (like graphite) #o,« as calculated from Eq.
(9) should be reduced by an amount due to radiation before
it is substituted into Eq. (7) for evaluating the boundary
condition. The conditions at the stagnation point (pst,
p8t, etc.) are obtained from normal-shock relationships for
equilibrium air.5

At the stagnation point, Eq. (9) leads to the following limit-
ing expression:

where

(15)

(16)

and, for an axisymmetric body

Rn = (-rst'")~1/2 (17)
The conditions at the edge of the boundary layer were taken
initially as Newtonian, see Eq. (12), except when the nose
blunted to a degree where it is no longer valid; in such cases,
the heating was assumed to be that for a flat-faced body.

Near the stagnation point, where £ is extremely small,
g0,n computed from Eq. (9) may be greatly in error. Thus, the
following expansion (valid to the order of x2) is used instead

)st = 1 - Ex2 (18)

E = { r/»s t (A _ _1 [~3 + w(7 _ i)l) + _Jj±L_ (19)
1 8t 136 87 l_2 ^T J J 36rst;// V ;

We have taken rsi
iv = 0, which is correct for both a sphere

and a paraboloid. Because of the difficulty of calculating
rsi

v numerically, it was assumed to have the value corre-
sponding to a sphere of radius

see Eq. (17). This approximation should cause very little
loss in generality of the results obtained, co is the tempera-
ture exponent for viscosity variation, such that

t = CZV!T.t)" (20)

e) Numerical technique

The coupled equations presented in the previous sections
have been solved numerically by an explicit technique with
the aid of an IBM 360/44 computer. Because of the strong
coupling between the instantaneous body shape and heat-
transfer rate, the numerical scheme tends to be unstable when
the nose radius changes abruptly. To assure a gradual tem-
poral variation of the nose radius, it has been found useful to
employ a Taylor-series expansion in terms of A£ (time incre-
ment of marching procedure), such that

n)t+At = (Rn)t{l - (21)

The spatial grid size (Ar, As) and time A£ are chosen such
that

0.02 (22)

The numerical technique seems to be stable when the above
criterion is satisfied.

III. Results

Calculations were performed for a typical re-entry vehicle of
sphere-cone configuration. Since the main interest was to
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examine the nose tip region, the results presented here cover
only a small portion of the total length of the vehicle in the
axial direction. The physical dimensions of the nose tip as
indicated by the sketch in Fig. 1 are the following: initial
nose radius (Rn) of 0.5 in., axial length (L), 3.6 in., cone
half-angle (5), 10°, radial coordinate of the cut-off point (R),
0.72 in. It is assumed that this portion of the vehicle is
homogeneous and calculations were carried out for beryllium.
The trajectory was assumed to be typical for a re-entry ve-
hicle; namely, re-entry velocity of 22,500 fps, re-entry angle
of 20°, ballistic parameter of 1000 lb/ft.2 It should be pointed
out that for the altitude range for which data are presented
vehicle slowdown is unimportant. The vehicle is assumed to
re-enter the atmosphere at 300 Kft altitude with a uniform
initial temperature of 540°R.

For purposes of this calculation it was assumed that the
liquid beryllium is immediately removed from the surface
after melting and neither the liquid nor the vapor (if vapor-
ized) absorbs any additional heat from the external flowfield.

Fig. 2 shows the ablated shapes at various altitudes. The
increase in nose radius is of over 30 times its initial value at
140 Kft. It is also interesting to note the alternate blunting
and sharpening of the nose with altitude as the different parts
of the body begin to reach melting temperature. It is thus ex-
pected that for materials like beryllium, the three-dimen-
sional effects due to coupling between instantaneous heat-
transfer rate and body shape become very important.

Fig. 3 shows the isotherms in the nose region at various
altitudes. By visualizing lines normal to these isotherms as
representing heat-flow direction, one may conclude that ther-
mal conduction is mainly normal to the surface near either the
stagnation region or the downstream conical portion of the
nose. However, in the intermediate region near the initial
sphere-cone junction, heat conduction parallel to the surface
becomes important.

IV. Conclusions

The results of this study show that both body-shape
change and three-dimensional heat conduction should be con-
sidered in the treatment of an ablating, blunt-shaped object.
They are necessary for two reasons: a) to account for both
radial and axial thermal conduction in the solid, and b) to
couple instantaneous body shape with the shape-dependent
external heating environment.

Beryllium exhibits major changes in the instantaneous body
shape. Severe nose blunting causes a large decrease in the
aerodynamic heating rate over the blunted region, thus sig-
nificantly reducing its recession rate. The portion of the body
where the blunted region joins the unmelted part, however,
experiences large increases in the heating rate, leading thus to
ablation of these corners soon afterwards. The result is a
nose-sharpening period during which the radius of curvature
decreases and the heating rate in the blunted region in-
creases. These blunting and deblunting periods alternate as
different parts of the vehicle undergoes melting. For further
details, and an idealized calculation of graphite ablation with
axisymmetric heat conduction, the reader is referred to Ref. 6.
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Laser Schlieren Crossed-Beam
Measurements in a Supersonic

Jet Shear Layer

B. H. FUNK* AND K. D. JOHNSTON*
NASA Marshall Space Flight Center, Huntsville, Ala.

Nomenclature
e = deviation from time-averaged signal voltage
No = ambient index of refraction
S = schlieren sensitivity
t = time
U = flow speed
x,y,z = nozzle-fixed coordinates (Fig. 1)
a = Gladstone-Dale constant
£jrj,£ = beam-fixed coordinates (Fig. 1)
p = density
p' = deviation from time-averaged density
T = time lag
TP = time lag at which maximum correlation occurs

Subscripts
c = convection
e = nozzle exit
H — horizontal beam
V = vertical beam

Introduction

THE optical crossed-beam technique has heretofore been
used to measure statistical properties of turbulent flow by

monitoring the fluctuations in light intensity caused by ran-
dom fluctuations of the absorption or scattering coefficients.1'2
Local information is retrieved by cross correlating the random
outputs of two photodetectors that measure the fluctuating
intensity of two mutually perpendicular light beams.

In addition to absorption and scattering, index of refraction
fluctuations can also produce signal fluctuations; however, in
the previous ultraviolet absorption crossed-beam experi-
ments, this effect was minimized by the optical design. The
potency of the schlieren effect for crossed-beam measurements

Fig. 1 Laser schlieren crossed-beam arrangement.
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